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Abstract 



We outline how the Wald entropy formula naturally arises in loop quantum gravity based on 
recently introduced dimension-independent connection variables. The key observation is that in 
^^ , a loop quantization of a generalized gravity theory, the analog of the area operator turns out 

to measure, morally speaking, the Wald entropy rather than the area. We discuss the explicit 
example of (higher-dimensional) Lovelock gravity and comment on recent work on finding the 
CJ ' correct numerical prefactor of the entropy by comparing it to a semiclassical effective action. 

t^' 1 Introduction 

A key feature that is expected from a theory of quantum gravity is an explanation for the 

^ ' thermodynamic behavior [1] of black holes observed in classical general relativity (GR). By today, 

^ . several approaches to quantum gravity and semiclassical gravity have addressed this issue and 

^^ I offered different, at times seemingly unrelated, explanations. Moreover, the different approaches 

^^ ' are not necessarily applicable to all classes of gravitational theories, such as Lovelock gravity 

^T . or supergravity, or types of black hole solutions such as extremal or non-extremal black holes. 

It turns out, however, that the Wald entropy formula [2j, applicable to general diffeomorphism 

invariant theories, agrees with other approaches where they are applicable. A derivation for 

the Wald entropy formula in the context of Euclidean quantum field theory has been given 

in [3] for general diffeomorphism invariant theories. It is however desirable to understand the 

emergence of this general formula for the black hole entropy also from a more fundamental 

^_' theory of quantum gravity. 

Loop quantum gravity (LQG) [H [5] has emerged as a candidate theory for quantum gravity 
and addressed the question of black hole entropy with considerable success. See [6] for a review. 
In LQG, one has been mainly interested in black hole entropy calculations for four-dimensional 
GR with minimally coupled matter fields. However, it was shown that for a non-minimally 
coupled scalar field, the black hole entropy can be obtained with the right dependence on the 
scalar field's value at the horizon [3 [HI [9], in accordance with the Wald formula. While this 
agreement presented an important confirmation for the robustness of the LQG framework, its 
proper origin remained obscure. 

In this paper, we will show how the Wald entropy formula naturally arises in LQG based 
on the recently introduced dimension-independent connection variables. The main idea is that 
for a generalized theory of gravity, such as Lovelock gravity or a non-minimally coupled scalar 
field, the direct analog of the area operator, which is a key ingredient in the entropy calculation, 



* norbertOgra vity. psu.edu 
^ yashula@gmail.com 



does not measure the area, but the Wald entropy. The reason is that the fluxes conjugate to the 
connection are given by derivatives of the Lagrangian with respect to certain curvature compo- 
nents, in the same way as in the construction of Wald entropy. We present higher-dimensional 
Lovelock gravity as an explicit example. We shortly comment on general diffeomorphism in- 
variant theories, where no robust general statements can be made from the LQG perspective at 
the moment. Our current understanding thus remains restricted to theories which can be for- 
mulated on the phase space of higher dimensional GR coupled to standard matter fields. Also, 
we restrict to theories which do not have additional constraints on top of the Hamiltonian and 
spatial diffeomorphism constraints of GR, plus additional gauge constraints or the simplicity 
constraint discussed below. Such additional constraints may require special treatment on top 
of the existing techniques in the LQG entropy calculations. Since an explicit solution for them 
might not be available, their effect on the black hole entropy would remain an open question. 
The class of treatable theories thus includes Lovelock gravity [10] with non-minimal couplings of 
scalar fields, plus additional minimally coupled matter fields (the independence of the entropy 
on standard minimally-coupled matter fields is already well-understood |11]). 

The paper is organized as follows. In section O we review some background material con- 
cerning the Wald entropy formula, as well as the black hole entropy calculations in the isolated 
horizon framework in LQG. Next, we show in section [3] that the entropy calculation for higher- 
dimensional Lovelock gravity can be reduced to that of higher-dimensional GR. We explain how 
this result can be understood in general in terms of the Wald entropy formula. The prospects for 
general diffeomorphism-invariant theories are discussed in section [H In section [5l we comment 
on the interpretation of these results. Section [6] contains the conclusions of the paper. 

2 Preliminaries 

We begin with a brief review of the relevant fields. In section 12. H we review the broad status 
of black hole entropy in generalized gravity theories. In sections 12. 2112. 3^ we review the central 
features of the existing black hole entropy calculations in LQG. 

2.1 Wald entropy 

The black hole entropy formula for general diff-invariant theories of gravity was first proposed 
in [2] and expanded on in [121 [T3] . Previously, an entropy for the Lovelock class of theories was 
derived in [M]. The defining property which motivated the original proposal [2] was the First 
Law of thermodynamics for stationary black holes. 

A key concept in the entropy's derivation was that of a Noether potential [H]. For every 
local gauge symmetry of a field theory, there exists a Noether potential Q^'^ . This is a rank-2 
antisymmetric density, analogous to the Noether current J^ that is associated with a global 
symmetry. While J^ is integrated over a codimension-1 hypersurface to obtain a charge, Q^^ 
is integrated over a codimension-2 surface. This is a generalization of the Gaufi law from 
electromagnetism. In fact, the Noether potential for the electromagnetic gauge symmetry is 
just ^/—gF^'^] its integral through a codimension-2 spatial surface is the usual electric fiux. 

In [2], Wald used the Noether potential associated with diffeomorphisms, specifically with 
translations along the Killing field that becomes null at the event horizon. His insight was to 
view the First Law of black hole thermodynamics as a statement about the action variations 
under such translations. The expression for the entropy that arises from the First Law is then 
the integral of the Noether potential over the black hole's bifurcation surface. Now, bifurcation 
surfaces exist only for eternal stationary black holes. In [13], it was shown that one can substitute 
the bifurcation surface by an arbitrary slice of a Killing horizon. This extended the applicability 



of Wald entropy to black holes that are only currently stationary, having been formed in a 
dynamical process in the past. 

More explicitly, let the theory's Lagrangian be given by: 

^ = C {g^u, Rfiupa,"^ l;iRfiupa, ■ ■ ■ ^"^ (i^l ...V^^)R^ypa,'4>,y^^^,... , V(^j . . . V^;)V') , (2.1) 

where if) denotes arbitrary matter fields, V^ is the covariant derivative associated with the metric 
g'^j^, and R^vpa is its Riemann curvature. Let D + 1 be the spacetime dimension. The Wald 
entropy is then given by |12j : 

S = -2tt [ Vh-^^e^^^ep^d^-^x . (2.2) 

Jh OKpupa 

Here, ii^ is a slice of the horizon, yh is its area density, e^^ is its normal bivector with e^,^e^'^ = 
—2, and 5C/5R^i,pcT is the variational derivative of the Lagrangian with respect to Rpupa'- 

(2.3) 



6C dC ^ f dC , 



+ (-l)"Vg,...V 



dC 



0V(5j . . .V ^^)Rf,yp„ 



In particular, for GR, one has: 

r = \ R- - i (a^'Pa'"' - a^"'a''^'y S - — [ \/h d^'^r - — (2 A') 



The entropy formula (j2.2p was also recovered in an analysis of the Euclidean black hole 
action [3], along the lines of the Gibbons-Hawking derivation [16j for GR. A key difficulty was to 
properly handle the boundary contributions to the action, without the guidance of a standard 
variational principle which for GR leads to the York-Gibbons-Hawking boundary term. The 
solution was to notice that the conserved charges fix the boundary contribution at infinity, 
while at the bifurcation surface a nonvanishing contribution can only come from the extrinsic 
curvature. 

Also notable is the detailed agreement between microscopic calculations of black hole entropy 
within string theory (first performed in [17]) and the Wald formula. See e.g. [18]. In this context, 
one applies the Wald formula to the effective supergravity action, with higher-derivative terms 
(tightly constrained by supersymmetry) arising from stringy effects. In some cases, the relevant 
part of the effective action can be found exactly, and the comparison between the Wald and 
microscopic entropies carried out to all orders in an asymptotic expansion |19| . 

A major open question is how to define Wald entropy for non-stationary horizons. While the 
Bekenstein-Hawking area law (j2.4p for GR extends unambiguously to a general horizon slice, 
that is not true for the more complicated formula (12. 2p . This issue has been partially addressed 
in |12] . See also [20] for a discussion in the context of black hole hydrodynamics. For Lovelock 
gravity, the imaginary action calculation in [21], as well as its Euclidean counterpart [22], favor 
a particular non-stationary definition that depends only on the intrinsic geometry of the horizon 
slice. This result is in agreement with the more general proposal in |12j . 

Other issues concern the positivity and increase properties of Wald entropy. Unlike the 
area law, the positivity of (j2.2p may be field-dependent. This calls into question the general 
interpretation of (j2.2p as a statistical entropy. Partial evidence suggests that negative Wald 
entropy is associated with pathological theories or solutions. In [23], it was shown that for a 
simple f{R) theory, the positivity of Wald entropy is related to cosmic censorship. Also, in 



], it was suggested that the Wald formula can be viewed as the ordinary Bekenstein-Hawking 
entropy, but with the Newton's constant read off from the propagator of area perturbations on 
the horizon. This imphes that the entropy's positivity may be correlated with the stability of 
the black hole. 

Current understanding of entropy increase, i.e. the Second Law of thermodynamics, is again 
partial. In GR, the area increase theorem implies that the Second Law holds for very general 
processes. In general diff-invariant theories, it was shown [25] that for quasi- stationary accretion 
of matter, the Second Law is an automatic consequence of energy positivity. Little is known 
regarding non-stationary processes. One hope is that the requirement of entropy increase can 
serve to fix the correct definition of entropy for non-stationary horizons. This has only been 
achieved [25] for f{R) theories, which are equivalent to GR with a non-minimally coupled scalar. 
In black hole hydrodynamics (a mildly non-stationary regime), the Second Law is expressed as 
a non-negative viscosity. In [26], black hole hydrodynamics in Lovelock gravity was studied for 
planar black holes in 4+ld AdS space. It was shown there that whenever the AdS background 
exists, the viscosity is indeed non-negative. Finally, as possible evidence against the Second 
Law, see the argument in |27] regarding entropy decrease in Lovelock gravity during black hole 
mergers. 

2.2 LQG entropy calculations in 3+ld 

The LQG calculation of black hole entropy has been originally performed in 3 + 1 dimensions in 
terms of the Ashtekar-Barbero variables. The essential idea is that the canonical transformation 
from the ADM phase space [28] to Ashtekar-Barbero variables [291 130] yields a boundary contri- 
bution in the form of a Chern-Simons symplectic potential on the isolated horizon. The original 
calculations [TTl [311 [32l [33] were performed using a gauge fixing of SU(2) to U(l) on the isolated 
horizon. It was later shown that the calculation could be performed without this gauge fixing in 
a manifestly SU(2)-invariant manner [341 135]. The recent introduction of a higher-dimensional 
and super symmetric generalization of loop quantum gravity [Ml [37l [38l [Ml SQI [H] [42] made it 
necessary to reconsider these calculations and extend them to the new framework [53]. These 
results will be summarized in section 12. 3i In the present subsection, we review the state of 
affairs in the original LQG framework, where the quantum aspects are already well-developed. 
However, the generalization to higher dimensions should go through similarly |43| . 

The basic idea of the entropy calculation is as follows. First, one derives from classical GR 
a boundary condition on the isolated horizon, along with a Chern-Simons symplectic potential. 
Upon quantization, this gives a quantum Chern-Simons theory describing the horizon degrees 
of freedom. In particular, the total area of the horizon is related to the Chern-Simons degrees 
of freedom by the quantum boundary condition. The dimension of the Chern-Simons Hilbert 
space, constrained to a fixed value of the total area, yields an entropy of the form: 

5^i^. (2.) 

Here, a is some numerical constant, while 7 is the Barbero-Immirzi parameter, a free parameter 
of the theory. It is tempting to set 7 = 4a in order to obtain the well-known Bekenstein- 
Hawking entropy Ah/4:G. However, this approach is probably too naive [44j . We defer this 
issue to section [5l In relation to the constant factor in (12. 5p . we note the work [45j . There, the 
correct entropy Ah/4:G was obtained by setting 7 = iti in the formula for the Chern-Simons 
Hilbert space dimension, working in the large-spin limit with a fixed number of punctures. We 
remark that the area proportionality of the entropy is already a non-trivial result. In particular, 
it depends on using the correct combinatorics for the punctures, which follows from a proper 
study of the action of the diffeomorphism group. 



Any derivation of black hole entropy should be tested on gravity theories with dynamics other 
than GR. Simple examples include Lovelock gravity [10] , as well as GR with non-minimally cou- 
pled matter, such as a conformally coupled scalar. It has been shown [71 |B] that for the confor- 
mally coupled scalar, LQG produces the correct Wald-entropy analog of eq. (|2.5p . Specifically, 
one performs an LQG quantization using the Ashtekar-Barbero connection and its canonical 
conjugate (which is no longer the usual area flux). The standard isolated- horizon calculation 
then leads to the entropy formula: 

S=^a(</,); a(</,) = 1 - ic/.2 . (2.6) 

This is the Wald entropy for the conformally coupled scalar, up to the same constant factor as 
in (j2.5p . As shown in 0, one can again apply the 7 — )• iti procedure for large spins to get the 
correct entropy including its constant factor. 

In this paper, we aim to place the results ()2.5p - (l2.6p in context, as well as to generalize 
them to higher-derivative gravity theories. We should note at this point that the result (|2.6p . as 
well as our generalization of it, holds only for a particular choice of quantization variables. In 
particular, the fundamental connection variable is taken to have the same geometric meaning 
as in ordinary LQG, so that the non-minimal couplings etc. affect only its conjugate flux. In 
section [5l we will discuss the implications and interpretation of different choices of variables. 
We will also comment there on how one should compare the LQG results for the entropy to the 
semiclassical Bekenstein-Hawking-Wald formula. 

2.3 Entropy in higher-dimensional LQG 

In this paper, we consider an arbitrary everfj number D + 1 > 4 of spacetime dimensions. Up to 
the recent work [33], all papers on entropy calculations within LQG have been based on Ashtekar- 
Barbero or self-dual Ashtekar variables. In this subsection, we will briefly introduce the higher- 
dimensional connection variables, and review the entropy results [l3] that arise from them. The 
current status is that the classical part of the LQG entropy calculations has been generalized to 
even spacetime dimensions, and a possible quantization has been sketched. However, an explicit 
proper quantization is still missing, and we thus have to assume that the usual quantization of 
isolated horizons as pioneered in [33] goes through. It seems to us that this is a safe assumption, 
since the structure of the degrees of freedom is very similar to the one in four dimensions. 

In short [46], General Relativity and supergravity in D + 1 dimensions can be rewritten in 
terms of an SO{D + 1) Yang-Mills phase space. The conjugate variables are an SO(D + 1) 
connection Aaij and a densitized generalized hybrid vielbein tt , related to the spatial metric 
via Iqq"'^ = tt'^^'^tt^u, where q = det Qcd- Here, a,b = 1,. . . ,D are spatial tensor indices on the 
spatial slice a in the D + 1 decomposition of spacetime. I, J = 0, . . . ,D are internal indices 
transforming under SO(L' + 1). In addition to the usual constraints of GR - a Hamiltonian 
constraint, a spatial diffeomorphism constraint and in our case an SO{D + 1) GauB constraint - 
one must also introduce a so-called simplicity constraint. This constraint, given by T^fjjT^j^n ~ 0, 
ensures! that nfj = 2n!jEjy Here, ?i^ is a unit normal defined by Efn^ = 0, while Ef coincides 
in the "time gauge" n = (1,0, ... ,0) with the densitized L'-bein derived from a spatial metric 



^In odd dimensions, the boundary symplectic structure cannot be rewritten in Chern-Simons form. However, 
it was suggested in [43) that this might be in fact unnecessary, and that one can use vh x rv-' s'''' as the boundary 
degrees of freedom for all D > 2. Our arguments for obtaining the leading term in the entropy then work in the 
same way for both even and odd dimensions. Nevertheless, for simplicity, we will restrict to even dimensions for 
the rest of this paper. 

■^In four dimensions, a topological sector appears and the situation is more complicated, see [36j . 



Qab, i-e. EfEj6^^ = qq""^, i,j = 1,...,D. Furthermore, an additional rescaling by a free real 
parameter /? takes place, so that the momentum becomes ^ 't^kl '■~ '^'klI P- This /3 is analogous 
to, but different from the Barbero-Immirzi parameter 7. In the quantum theory, the simplicity 
constraint can be implementeco on the links of a spin-network by restricting the representations 
of SO(D + 1) to be of class 1, so that their highest weight vector A is determined by a single 
non-negative integer A as A = (A, 0, . . . , 0) [47] . 

As in the standard isolated- horizon calculations (section 12. 2p , the canonical transformation 
to the variables above leads to a boundary term in the symplectic potential. As usual, we 
take the boundary H = da of our hypersurface to be a horizon slice. Let us denote the area 
density and the Euler density on H by y/i and E^^~^\ respectively. Now, restrict to a part 
of phase space where the scalar ratio E^^^^^ /\/Ti is constant (this is referred to in [13] as the 
non-distortion condition; we will see in section [3] that it can be lifted). This condition implies 
in particular that up to a numerical factor, E^^"^' /\/li is the same as x/^H, where x is the 
Euler characteristic of H. The second variation of the boundary symplectic potential can then 
be rewritten in terms of a Chern-Simons symplectic structure as |43j : 



611 [ da (lE''^62]ni] d^x = const x ^^ / TY, [(^[1?° A Jgir" A i?° A . . . A i?°] . (2.7) 

Ja \P J PX Jh 

Here, Tre[XiX2 . . . ^(d+i)/2] := X[-^X^^ . . . X^lj^^y^eijKL...MN, r° is a generalization of the 
Peldan hybrid connection [IS] defined on H, and EP is the curvature of T^. Furthermore, one 
can derive the boundary condition: 

JJ...KLMN^al3...SanO pO - n^r^^i- -^ ^^ v£ W^aMN /r, ox 

e e ^apiJ ■ ■ ■ E&aKL - COnst X — X Sa'-'^'T^ , (.^-Oj 

where a, /3 = 1, . . . , D—1 are tensor indices on i7, Sa = ^afSj. .. a^^'''"'^ /{D— 1)1 is the (appropriately 
densitized) normal covector to H in a, and '^P>'k°-^^^ := vr"^^^//?. It seems that in higher 
dimensions, a stronger form of the boundary condition is necessary to avoid having local degrees 
of freedom on the horizon |43j . We will not discuss these details here, as they are not important 
for the arguments presented in this paper. 

3 Entropy in Lovelock gravity from LQG 



Lovelock gravity [10] is the most general higher-derivative theory of pure gravity that has no 
more than two time derivatives, so that it can be formulated on the same phase space as (higher- 
dimensional) GR. Up to a boundary term given in [59], the Lovelock action reads: 



S= / (i^+^x7^£= / d^+^xV^ > CmCm, (3.1) 

Jm Jm .^^0 

where Cm are coupling constants, e.g. ci = l/(167rG), and: 



_ { m). p[^^iy, n/i2!^2 r>tJ,mUm] (on) 

The canonical formulation of this theory can be developed in analogy to the well-known ADM 
treatment [28], and is given in [50]. There is a certain problem in the analysis, since the extrinsic 
curvature cannot be expressed uniquely in terms of the metric and its canonical conjugate. 



^See [381 140] for a discussion of possible anomalies and the implementation on a node. 



This can lead to a multivalued Hamiltonian constraint. However, this does not seem to be 
of direct concern to us, since the constraint algebra and the spatial diffeomorphism constraint 
are unaffected [SD]. The Hamiltonian constraint does not enter the calculation, since the lapse 
function vanishes at the horizon [TTj. Maximally symmetric black hole solutions of the type 
considered in [53] have been discussed in ^T\ for higher-dimensional Lovelock gravity. The 
thermodynamics of Lovelock gravity has first been studied in [52], where it is shown that the 
entropy acquires a non-trivial prefactor depending on the coupling constants and the Riemann 
curvature of the horizon slice. 

Our goal is to derive the canonical variables of Lovelock gravity that are relevant for the 
entropy calculation, and to relate them to the corresponding canonical variables in pure GR. 
It is more instructive to use the first-order Palatini formulation of the theory, since we want to 
calculate the momentum conjugate to the connection. Interestingly, Lovelock gravity is the only 
higher-derivative generalization of GR for which the first order Palatini-type action agrees with 
the second order Einstein-Hilbert-type action |53j . 

In first-order form, the Lovelock Lagrangian reads: 



L^J 



(2m). ^[^l^i^i ^f^m^l^m] jp hJirp I2J2 TP ImJ„ 



r — _ S^ r l^"V- ^[Ml,i^l pt^m l^m] -p hJlTp I2J2 JP ImJm ,"> ON 

'- — Z^ "^"^ 2"^ ^1 ^Jl • • • ^/m '^J,y^ -^Ml^^l -^^21^2 ' ' ' ^ fln^fru ) W''^) 

where F^j^y^^ is the curvature of the S0(1, D) connection A^/"^ . The minus sign is chosen to agree 
with the conventions in [37] • The gauge group here is not SO(D + 1), since we are starting from 
a covariant framework. The transition from S0(1,-D) to SO(-D -|- 1) as an internal gauge group 
while maintaining the Lorentzian signature of spacetime is detailed in \2>Q\ [37] , and involves a 
canonical transformation. The reason that this trick works is based on the fact that both sets 
of connection variables are related via phase space reductions to the ADM phase space, which 
coincides for Euclidean and Lorentzian signature. The signature of spacetime is encoded in the 
Hamiltonian constraint of the theory as a relative sign between two terms. To avoid confusion, 
we will keep S0(1, D) as the internal gauge group for the rest of this paper. The transition to 
SO(-D -|- 1) would only change some signs. 

The canonical momentum conjugate to A^^^ reads: 

dc ^ ^ dc 



L^J ,, ., (3-4) 



^rri'Jrr 






For m = 1, we obtain the usual momentum nfj = 2n\^jE% with E'j := yjqe"j^ familiar from the 
canonical analysis of the higher-dimensional Palatini action [37] . For consistency with |37j , we 
set SttG = 1, i.e. ci = 1/2. 

We are interested in the effect of the new canonical momentum p.4p on the black hole 
calculations. Thus, in analogy to [3 [HI |9], we must rewrite the boundary condition and the 
symplectic structure in terms of the new momentum. Here, several simplifications arise. We are 
only interested in the canonical momentum on the horizon, and only in its Sai^lj component 
(recall that Sa is an appropriately densitized normal to H within the hypersurface cr). This 



component reads: 

- a. _ fT dC 

v4\ ,, ,, (3-5) 

We see that all the field strengths in ()3.5p are pulled back to H. It can be shown [l3] that this 
pullback equals F^sij = R^bij = ^^'^^Rajs'^^G^i^Sj, where ^^~^^ Rai3-y5 is the Riemann tensor 
of the intrinsic metric on H. It then follows that the KL indices in ()3.5p must lie in the plane 
of the binomial €kl = 2n[xSL]- We get: 

dC jj 






m=l 

-VheKL 



"~lmOm\ ("^ Pi\ 



Oi^fiupa 



=: VheKL ■ 

where e^,y = 2nr„s^i is the binormal from section 12. li Note that the equality between the first 
and third lines on the RHS of (13. 6p follows from the equivalence between the first-order and 
second-order Lovelock actions. The factor 1/2 between the first and the third line comes from 
different conventions for the definition of the derivative used in the literature: for the first line, 
we are consistent with [37], while for the third line, we are consistent with [2]. Again, the minus 
sign between these lines comes from the sign choice [37] for the first-order Lagrangian. 

We see that Safrf^i basically measures not the area density Vh, but the density Vh of. Wald 
entropy (in units of 1/4G = 27r). For the conformally coupled scalar field [T] [51 [S], we would 
have a similar result, with: 

SaT^'kL = ^h€KL = -^(^KL^r^ e^i^epa = V^Ci^L ( 1 " ^T ) • (3.7) 

OrC^upa \ D y 

Coming back to Lovelock theory, it remains to rewrite the boundary symplectic structure 
and the boundary condition from section 12.31 using the Lovelock conjugate variables. We then 
find that (12. 7p becomes: 

5[i I da ( ^E""^ 52]ni] d^x = const x — | /" Tr^ Uut^ A (^gif ° ^ R^ ^ . . . ^ R^] , (3.8) 

Ja \P J XP Jh ^ -I 

Here, Ajj is the "area" given by the integral of Vh, i.e. the Wald entropy in units of 1/4G = 2tt. 
The connection T^ with curvature Iv', which in [43] were built from the horizon metric, can now 

be built from any metricl whose "area" density is y h. As in [43], the only additional restrictioqfl 



More precisely, given a metric /ia/3 satisfying det(/ia/3) = h, we construct a D+l-bein e„ such that hap = e^epj 
and eim = eisi = 0. Then, f° = r°(e). 

^It seems that a metric satisfying these two requirements can always be found for suitable horizon topologies: 

take a spherically symmetric metric ^^^ on H. Pick a diffeomorphism $ on H such that yh = $*(. /det /i^o). 

Then, h^i} := $*(/i°^) also satisfies the non- distort ion condition, since this condition is a scalar. Thus, the 
non-distortion condition does not pose any restriction on the actual spacetime metric. Still, x — would lead to 
ill-defined expressions and we exclude that case from the Chern-Simons treatment. See however footnote [l] 



on this metric is that the associated Euler density E^ ^' satisfies E^ ^' /vh = const on H. 
As for the boundary condition (j2.8p . it becomes: 

IJ...KLMN al3...Sa nO oO + .. ^^ .. - W) aMN /o n\ 

e e '^ Rafiij ■ ■ ■ R&aKL = const X ^— X Sa^'^'-K . (3.9) 

Ah 

In the same manner as already observed in [71 [HI [9] for the conformally coupled scalar field, 
the computation of the entropy now works analogously to the pure-GR case. The only conceptual 
difference is that we are now counting states which correspond not to a given macroscopic area 
Ah, but to a given value of Ah- Indeed, the analog of the area operator built from the Lovelock 
fluxes has the familiar discrete spectrum [38] const x y^A(A + L> — 2), A G No, but measures Ah 
rather than Ah- Using a straightforward generalization of the techniques developed in [54] to 
calculate the entropy (neglecting logarithmic corrections), one arrives at: 

'-'Lovelock ^ n^ 1 (3.iUj 

which is the correct Wald entropy up to a constant coefficient, a in ()3.10l) is a numerical constant 
analogous to a in (j2.5p . which depends on the number of dimensions. 

We remark that the properties of isolated horizons used in [43] remain valid in Lovelock 
gravity (and indeed in any theory), since they are of geometric origin and do not involve the 
field equations. 

At this point, it becomes apparent why the Wald entropy formula and the LQG black 
hole entropy calculations agree: the generalized area operator is constructed roughly as ^ ~ 
vflux . The flux variables yl^'n"'^^ conjugate to the connection are not measuring the (internal 
bivector- valued) area, but the derivative of the Lagrangian with respect to the curvature tensor 
component Rfj^ypae^^e^" ~ Rnsns as in the Wald entropy formula. Here, the first n index comes 
from the time derivative of the connection when defining the conjugate momentum. The first s 
index comes from the Sa-component of the momentum that's relevant for the entropy calculation. 
The second n and s result from the fact that for Lovelock gravity plus non-minimally coupled 
scalars, only the internal s'n '-component is non-vanishing. Whether this last statement is true 
in more general situations is presently unclear. 

4 The prospects for general difF-invariant theories 

It was shown in [3] that general diffeomorphism-invariant theories with Lagrangian of the form 
(j2.ip can be rewritten as a higher-dimensional gravity theory with no higher derivatives, coupled 
to additional (partially symmetric) tensor fields. Essentially, the additional degrees of freedom 
resulting from the higher time derivatives are traded for these tensor fields. In this process, new 
equations of motion which relate the tensor fields to derivatives of the Riemann tensor have to 
be imposed via Lagrange multipliers. In the canonical formalism, this translates into additional 
constraints. 

These results are an important step towards treating general diff-invariant theories within 
LQG, in the manner illustrated in section [31 However, there remain several problems that 
prevent us from making any solid statements about LQG black hole entropy calculations for 
such theories. 

1. The canonical D + \ decomposition of symmetric tensor fields leads to additional terms 
proportional to the extrinsic curvature in the split action, and the calculation of the canon- 
ical conjugate to the extrinsic curvature becomes complicated. The expression of the split 



action given in [3] hints at the conjugate of the extrinsic curvature being related to ()2.3p . 
thus potentially leading to an LQG derivation of the proper Wald entropy. However, this 
relies on treating the metric and extrinsic curvature as independent variables, which comes 
at the cost of additional second-class constraints. Before quantizing, one must solve these 
second-class constraints classically. After doing so, the symplectic structure may again 
turn out to be too complicated. 

2. Symmetric tensor fields have not been treated so far by LQG methods (unlike p-forms - see 
|42j ) . It seems that a construction similar to the connection variables for the metric might 
be necessary, which could yield additional boundary degrees of freedom. These degrees of 
freedom could contribute to the entropy. 

3. After quantizing, one must take into account any leftover first-class constraints. While the 
lapse function and thus the smeared Hamiltonian constraint vanish at the horizon, it is 
not clear what effects the additional first-class constraints might have on the entropy. 

The situation for general diffeomorphism invariant theories is thus rather unclear at the 
moment. It seems that the best way to proceed is to study simple examples on a case by case 
basis to get a better feeling for them. We leave this for further research. 

5 Interpretation and the choice of quantization variables 

In the above, we've generalized the LQG entropy results (I2.5p - (j2.6p to higher-derivative theories 
of gravity. We found that if one quantizes using the ordinary LQG connection (in the version 
appropriate to arbitrary dimensions, but otherwise retaining its geometric meaning) and its 
conjugate flux (which loses its simple geometric meaning), then the Wald entropy is recovered 
up to a constant factor. While this is an interesting result, it represents only a step towards a 
full understanding of black hole entropy within LQG. The caveats that must be raised appear 
already in the more familiar setting of LQG with Ashtekar-Barbero variables in 3-|-ld. Since 
more is known about that setting, we will use it for the purpose of the discussion. We expect 
that our comments below will also be relevant to the dimension-independent setup of sections 

EH 

5.1 Naive interpretation 

Let us begin with the standard LQG result (j2.5p for GR with minimally coupled matter. The 
naive response to this result is to set 7 = 4a, thus recovering by "brute force" the correct 
numerical coefficient for the Bekenstein-Hawking formula S = Ah/'^G. Now, the Barbero- 
Immirzi parameter 7 (like the analogous parameter /3 in the arbitrary-dimensional setup) defines 
a family of different quantization choices. Each is associated with a choice of fundamental 
connection variable, which is to be subjected to the LQG quantization procedure. Thus, the 
naive interpretation of (12. 5p would be that there is a single preferred choice of quantization 
variables. 

For GR with a conformally coupled scalar, this naive conclusion becomes sharper. One has 
now a larger selection of plausible connection variables to quantize. In particular, the constant 
parameter 7 can be replaced with a function of the scalar field (/>. Two choices appear especially 
natural. One choice, adopted in [7l[8], is to maintain the standard meaning of the fundamental 
connection, at the cost of its conjugate flux no longer measuring area. This is the choice described 
in section 12.21 and the direct analog of the choice adopted by us in sections [3][H It leads to the 
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correct Wald entropy up to a constant, as shown in eq. (|2.6p . Another choic^j [9] is to maintain 
the geometric meaning of the fundamental flux as a measure of areas, at the cost of changing 
the meaning of the connection. This leads to the GR entropy formula (|2.5|) instead of (|2.6|) . i.e. 
gives a wrong functional dependence of the entropy on the scalar field. Thus, again the naive 
conclusion is that there is a single preferred choice of quantization variables that produces the 
correct Wald entropy: 

1. One must maintain the geometric meaning of the connection rather than the flux. This 
fixes the quantization variables up to a constant 7 and gives the correct Wald entropy up 
to a constant. 

2. Then, as in GR, one must fix further 7 = 4a. 

As we will now explain, this interpretation is in fact unfounded. On the other hand, a 
modified version of it appears to hold for large spins (see section 15. 3p . 

5.2 Semiclassical limits and the continuum 

The argument in section ISTTJ is missing a crucial ingredient. One must always keep in mind that 
the Bekenstein-Hawking formula refers to a semiclassical regime of gravity. For instance, the 
Newton's constant G appearing there comes from the prefactor of the semiclassical action. For 
Wald's generalization of the entropy formula, the same remark applies. Thus, any comparison 
of the LQG entropy to the Bekenstein-Hawking- Wald result must be in the context of some 
semiclassical limit. See also |44j for a discussion. 

As discussed in [55], there are two semiclassical limits that one may consider in LQG. One 
is the limit of continuum GR, which is supposed to emerge from LQG states with very many 
spins and intertwiners. The other limit consists of coherent states with very large spins. This 
a special subclass of states in the theory, characterized by large quantum numbers and large 
discrete elements of geometry. The large-spin limit is thus quite distinct from the continuum 
one. (We leave open the possibility that the continuum limit may also be described in terms of 
large spins, through some notion of coarse-graining and RG flow. However, such coarse-grained 
degrees of freedom would then have an effective dynamics distinct from that of the fundamental 
theory.) 

The continuum classical limit (if it exists) is of course the main focus of physical interest. 
It is also the domain of the LQG entropy formula ()2.5p . since the latter receives contributions 
mainly from many small spins. However, we have no independent knowledge about the effective 
action in the continuum. For instance, if one takes the coarse-graining approach, one does not 
know how to relate the coarse-grained dynamics to that of the fundamental theory. In particular, 
the relation between the fundamental Newton's constant (appearing in the entropy result (12. 5p ) 
and the effective Newton's constant in the continuum (appearing in the Bekenstein-Hawking 
formula) is unknown. 

Thus, there is no direct conclusion that can be drawn from eqs. (|2.5p - (j2.6p or from our 
generalization (I3.10p . It may be that, as argued in section ISTTl there is a unique quantization 
that correctly produces the continuum limit. Or it may be that all quantizations are equally 
good, and the results for the entropy are all correct when reexpressed in terms of the effective 
continuum action. 



®In [9], on top of using the physical metric in the choice of canonical variables, a constant mean curvature 
gauge fixing of the Hamiltonian constraint was employed. This leads to fluxes rescaled by the scalar field, but by 
a different function from the one appearing in the Wald entropy. We will neglect this detail in this paper, as it is 
not important here, and the calculation in [9] can also be done without this gauge fixing. 
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On the other hand, if one examines the large-spin semiclassical hmit, a very different picture 
emerges, with a conclusion quite similar (but not identical) to that of section 15.11 This picture 
is the result of several strands of recent work, culminating in [55] • We now turn to describe it. 

5.3 The large-spin limit and sending 7 to ±i 

In the large-spin semiclassical limit, the state of knowledge concerning the dynamics is much 
better. In particular, we have at our disposal an effective action derived from spinfoam ampli- 
tudes. The one analyzed in the greatest detail is the 4-simplex vertex amplitude [56]. Now, it 
was shown in [55] that this amplitude reproduces the correct classical GR action only if one sets 
7 = ibi at the end of the calculatiorlj. This is contrary to previous claims that the correct action 
is reproduced for any real 7. The conclusion of [55] rests on the recent observation [571 [21] 
that the classical GR action has an imaginary part. A full agreement between the spinfoam 
amplitude and the classical action, including the imaginary part, is obtained if and only if one 
sets 7 = ibi. We note that effective action of |56[ [55] has the same Newton's constant as the 
fundamental theory. This is an expected result for coherent states with large quantum numbers, 
which need not hold for the continuum. 

Now, as discussed in section [2^21 the recent LQG entropy calculation [35] shows that restrict- 
ing to a fixed number of large spins and then sending 7 to iti results in the correct Bekenstein- 
Hawking entropy, including the constant factor. It was shown in [9] that the same procedure also 
works for GR with a conformally coupled scalar, provided that one starts with the quantization 
variables from [71[8], i.e. doesn't alter the geometric meaning of the connectioiif]. 

To sum up, the large-spin limit seems to describe a semiclassical regime only if one retains 
the geometric interpretation of the connection and sets 7 = iti after the quantum calculations 
have been performed. This procedure produces both a correct semiclassical action (i.e. a correct 
relation between its real and imaginary parts) and a correct black hole entropy (i.e. a correct 
relation between the entropy and the semiclassical action). 

We expect that similar statements should also hold for higher-dimensional Lovelock gravity. 
However, to be certain, one must compare the entropy result to an effective action derived 
from a spinfoam amplitude. Writing a spinfoam model for generalized theories of gravity and 
calculating its large-spin behavior is a non-trivial task, and we will not comment on it further 
in this paper. 

6 Conclusion 

Working with the dimension-independent connection variables, we've related the LQG black 
hole entropy calculation to the Wald entropy formula. The key point is that the generalized 
area operators measure a rescaled version of the area at the horizon, which is essentially the 
Wald entropy. The reason for this is that the variable conjugate to the connection along the 
Sa direction (the spacelike horizon normal) is given by the derivative of the Lagrangian with 



^This corresponds to self-dual connection variables. Of course, it is not known how to define the quantum 
theory for non-real 7. Thus, the closest one can get to a quantum theory based on self-dual variables is to send 
7 — >■ ±i after the quantum calculation with real 7. Real 7 can thus be seen as a regulator. 

*It was also shown in [9] that if one starts from different variables, retaining the geometric meaning of the 
flux (as explained in footnote [6l we neglect here the constant mean curvature gauge fixing in [9] for simplicity), 
one can recover naively the correct entropy formula by sending an effective Barbero-Immirzi parameter a{cj>)'y 
to ±z. However, it's not clear how to define this procedure in any context other than an entropy calculation 
for a homogeneous horizon. In particular, it's not clear how to apply it to an effective action calculation, which 
is necessary for a proper comparison to the Bekenstein-Hawking formula. This is the reason for the "naively" 
qualifier above. 
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respect to the curvature component Rnsns- The same quantity, integrated over the horizon shce 
H, enters the Wald entropy formula. Our analysis has covered non-minimally coupled scalars 
and Lovelock gravity. 

The main open problem for the entropy calculation is the comparison with semiclassical 
actions. In [SS], this has been done for four-dimensional pure gravity in a "transplanckian" 
large-spin regime. However, in the continuum, the problem remains open. The same is true even 
for large spins in higher dimensions, as well as for non-minimally coupled matter or Lovelock 
gravity, due to the lack of a corresponding spin foam model. Also, a quantization of the isolated 
horizon degrees of freedom has not yet been developed in detail for the dimension-independent 
variables; see |43j for a discussion on first steps. As discussed in section UJ general diff-invariant 
theories are not yet under control. Reliable conjectures about their entropy as derived from loop 
quantum gravity, if such a calculation exists at all, cannot be made presently. 
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